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Stochastic approach to inflation. II. Classicality, coarse graining, and noises
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In this work we generalize a previously developed semiclassical approach to inflation, devoted to the
analysis of the effective dynamics of coarse-grained fields, which are essential to the stochastic approach to
inflation. We consider general non-trivial momentum distributions when defining these fields. The use of
smooth cutoffs in momentum space avoids highly singular quantum noise correlations and allows us to
consider the whole quantum noise sector when analyzing the conditions for the validity of an effective classical
dynamical description of the coarse-grained field. We show that the weighting of modes has physical conse-
guences, and thus cannot be considered as a mere mathematical artifact. In particular we discuss the exponen-
tial inflationary scenario and show that colored noises appear with cutoff dependent amplitudes.
[S0556-282199)05206-9
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[. INTRODUCTION tions). To do this we develop a general formalism for coarse-
graining volumes with arbitrary shape in momentum space,
Inflation solves several difficulties that arise in the veryand analyze the consequences of this shape on the emergence

early universe, such as the horizon, flatness and monopoknd structure of the classical effective regime. In addition to
problems, and in addition to this it provides a mechanism foithis there is another improvement respect to our previous
the creation of primordial density fluctuations needed to exWork. There we stated a sufficient condition for a classical
plain the structures which are now present in the Universélescription, neglecting the contribution of a sector of the
[1,2]. The most widely accepted approach assumes that tH&iSe[9]. Here we analyze the whole quantum noise sector,
inflationary stage is driven by a quantum scalar figldith and thus the characterization of our classicality criterion is

a potential(¢). Within this perspective, stochastic inflation complete. This analysis enhances_ our L_mderstandw_]g of the

seeks to describe the dynamics of this quantum field on thg_)le of the shape of the coarse-graining in the effective _clas—

basis of a splitting ofp in a homogeneous and an inhomo- sical dyna_rmcs, and also provides us with a well d(_eflned

geneous component. Usually the homogeneous one is interggularlzatlon scheme to treat the usual sharp cutoff in mo-
S . . r[gentum space.

preted as a classical field that arises from a coarse-graine In the work just mentionefi7] we analyze the emergence

average over a volume larger than the observable universgs , ¢|assical behavior of the order parameter on the basis of

and plays the role of a global order paramé8&r All infor- 5 semjclassical approach. The inflaton field Lagrangian is
mation on scales smaller than this volume, such as density

fluctuations, is contained in the inhomogeneous component. 1

Although this th_eory is Wld(_aly used ano_l accepted as a gen- L(g,@,)=— \/__g[_(guy(’o’ﬂ@’v)JrV((P)}
eral framework, it presents inconsistencies and has been sub- 2

jected to several criticismgl—6]. Its main problems are re-

lated to the treatment of the global order parameter as a =33
classical field, and the description of the quantum fluctua-

tions as classical ones.

In a previous work[7] we assumed that the coarse-for a Friedmann-Robertson-WalkefFRW) metric, ds’
graining volume is defined so that it leads to a Heaviside= —dt?+a(t)?dr2. The equation of motion that results for
function in momentum space. This is a choice that simplifiegshe scalar field operator is
the mathematical development because it leads to a noise
with a very simple white spectrum, but at the same time with 1
singular correlations. A usual assertion is that the dynamics 6— —V20+3Hp+V'(9)=0, 2
for the coarse-grained field is not very sensitive to this a
choice, but its actual implications on the resulting dynamics
are not well understood. The present paper is mainly devotedthere the overdot represents the time derivative \dhdp)
to the study of this last point, together with an analysis of=dV/d¢, and the metric, given by the Hubble parameter
classicality conditions(in our case commutativity condi- H=a/a, evolves according to

1 1
ESDZ_E(V@)Z_V(QD))a (1)
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A 1 . The study of the quantum component becomes much sim-
HZZBW< %+ gz(V<P)2+ 2V(e) ). (3)  pler if we redefine thep field such that the equation of mo-
P tion (6) does not have a first order ternp=e(3/2/dtH,

We decompose the scalar field in its mean value, which by e eéquation of motion for the field operateris
assumption satisfies a classical equation of motion, plus the 5
quantum fluctuationse = ¢+ ¢ with {$)=0, up to linear . ivz _ ﬁ =0 (11)
terms in¢. In such a way the equations of motion reduce to X 32 azX= >
a set of two classical equations which give the evolution of
the field ¢ and the Hubble parameter. To be consistent withwherek3=a?($H?+ $H— V). Thusy can be interpreted as

the FRW metrics, we assume thét, is a homogeneous a free scalar field with a time dependent mass parameter. It
field, and thus we have the following classical equations: can be expanded in a set of modgét)el*':

o1t 3H o1tV () =0, ) ) 1, o
X(ht):mf d’k[aé (e '+H.c], (12
H2 812 5
=——p,
3M; where the annihilation and creation operators satisfy the

. usual commutation relations for bosons:
where p is the energy densityp=%¢§|+V(¢c,), and one

operatorial equation for the quantum fluctuations: [ak,al,]: s(k—=Kk", [ag.av]=[a] ,al,]:o, (13
- ;V2¢+3H¢+V”(¢c|)¢=0- (6) while the modes are defined for the equation of motion
&t 0 =0, (14

In this last equatiorH and V¢, are functions ot given by

Egs.(4), (5). In this context we developed the analysis of theyit wZ=a"2(k?—k3). The functionk3(t) gives the thresh-
emergence of a classical regime for the inflationary dynamicg|q petween an unstable infrared secti?< k2), which in-

[7]. cludes onl i ini
L . . y long wavelengths relative to the coarse-graining
The characterlstlg time scale for the mﬂatqn f|elq can bescale, and a stable short wavelength seck?t>(k§). We
defined by 4= ¢ /¥, and hence its relation with the

) A e adopt the normalization conditiog&; — &&5 =i for the
Hubble time scaler,=H "~ is given by modes, such that the field operatgqrand y satisfy canonical
commutation relations.

ﬂEE: 22_77@ 2 (7) In the section below we introduce a weight function to

™o 3My & define the coarse-grained field and develop the general for-

malism, showing the importance of an adequate definition of

and the number of e-folds in a given period of time is the quantum noises and the conditions to properly derive a
classical regime. After that, in Sec. lll, we apply this ap-

to+at ba 0 proach to the inflationary inflation scenario and show the

Nc= fto dtH= L)O d¢c|¢_é|- (8  need for considering the proposed noise definition to prove

the emergence of a classical regime. The last section is de-

If we are interested in an exponential inflationary period,voted to some concluding remarks.
i.e. when the slow roll of the field holds, then the conditions
0= (M2/4m)(H'/H)?<1 and M?/4m)(H"/H)<1 must be Il. THE GENERAL APPROACH
satisfied 8]. The end of inflation, when the scale factor stops

accelerating, is given precisely (o) =1, which deter-
end end

In order to define the coarse-grained field, an effective
field which is an average of the long wavelength modes, we

minesd . Ag this point we havep ™= —V'(¢c)/3H and e a weight function. We assume that this is an isotropic
H?=(87%3Mp)V(be1), so that function which contains only one parametemwith length
) dimensions, so that it is of the form 3g(r/b), which is
G~ — 87 ¢ V(da) 9) always larger than the causal horizon. The coarse-grained
My V'(¢e)’ field xy, is defined by
and 1 1
bemgf d3rg(r/b)x(F.t)
2 !
8 Pel , V(¢C|)
NC:_WJ dd%;um- (10 1 R
p o cl :Wf d3kG(K)[aé&(t)+H.cl, (15)
A solution to the horizon problem requirég =60, and this
in general implies thaty> 7. with
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> 1 o s ' bp
G(k)sz Fg—e g(r/b) G(ﬁ)zTaﬁG(ﬂ), (25)
21 : B b\ 2
—\[;W [ arrgumisinke. s é(ﬂ)=(%ﬁ> 56G(B)+ bFB) 2G(B). (26

or, reciprocally, N . .
P y Taking into account the algebra for the creation and anni-

5 b3 hilation operators, the operatogs,, 7, and «,, satisfy the
g(r/b)= \/;Tf dkksinkrG(k). (17)  commutation relations
[xb(t), 7(t")]=0, (27)

These equations can be written in terms of the dimensionless

variablesB=kb andp=r/b as follows: 2 . .
[Xb(t),Kb(t’)F—sfdng(ﬁ)G(B’)(ik(t)ﬁ(t’)
\/51 (2)
69~ \75 ) swosnoatp. a9 - D), 29

)—\Effd inBpG(B) (19 I (t)K(t’)]=Lfd3kG(ﬁ)G(ﬁ’)
g(p - Tp Bﬁs Bp (ﬁ! b 1 *b (277)3

from Eq.(15), we obtain for the derivatives of,: X (EDE () — & (DE()), (29

and the quantum noises have the correlation functions

1 . _
Xb= (277)372f dak[G(ﬂ)akgk(t)+G(B)ak§k(t)+HC],

4 ) . . .
@0 (kp(Oro(t))= 5 53 J d*kG(B)G(B") (D) (1),
1 ) . (30)
Xb= Wﬁf d*k{a (G(B) — wigp)ék+ 2G(B) & 1
Y\ — 3L ~ ' * (41
+Hcl. 21) (7o(t) mp(t)) (277)3Jd KG(B)G(B")(E(t) & (t )():;1)
The parameteb is chosen so that thk? term, that is, the )
noise independent of the weight function, can be neglected in I\ 3L, ¢ SNy % e
the equation of motion fog, . The appropriate value can be {ro() (1)) = (2m)3 J dkG(B)G(A) (EV & (1)),
obtained from the equation of motion for the modes, Eq. (32

(14). We can choose the characteristic length of the distribu-
tion larger than the horizon scale, ile. 1=ck, with e<1. ~ With S=kb(t) and 8’=kb(t’). The quantum character of
From the definition ofy, and the expression fay, , assum- the fields becomes apparent through the non-null commuta-
ing that we are only considering infrared modes with tlo_n relations and the complex correlatlon fur?ct'lons of the
<k§, we obtain the equation of motion for the coarse-NOiSes. To have an effective cIassma_lI theory it is necessary
grained field[9]: that the non-null commutators be irrelevant, and conse-
quently that the correlations be real.
K2 To simplify the discussion we will assume tha(g) is
Xb— 2 Xb= N+ Kp (22 non null only in the range € 8< 8, and that its derivatives
are practically null for all values oB, except in a domain
where (B—ABI2,8+ABI2), with AB<B, where the modes,
vary slowly. This last interval corresponds to the “wall” of
1 ) the coarse-graining domain, which we consider to be rela-
Np= WJ d3k[a,G(B)éc+H.cl, (23)  tively well defined. Under these assumptions HG3)—(29)
att=t’ can be approximately written:

Kp= 2 dek[a G(B)&+H.c] 3 bg® x| —
b= (27)372 k KT [Xo(1), kp(D)]= = —2 7~ C(B)IM(&i) =g (33
(24)

i 24
The dependence of the functi@y3) ont is given only _ 4 bbs J' ’ el —
through the parametds, and thus, using the relatiof,G Lo(V), ko(D]= 72 =55~ | dB(9,G) M€= pro
= (k/b)9,G, we can write (34
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where theb, &, andG functions are evaluated &t Here it
becomes evident that the main difficulty in considering the
equations of motion as classical is th@perator. It does not

1 . .
() = s | CKEBIG(B+ 3B |&

commute withy and », whereas the latter ones do between §k )
them. This drawback can be overcome only if the contribu- 1+t (42
tion of  is negligible compared with that of. The contri- &
butions of the different terms can be weighted by their rm " . .
values. Assuming that the assumptions discussed befosgence the condition to have a real correlation function
hold, we have ecomes
b b
(Kkp(t) kp(1)) =&l ?lk= gl 1. (39 Im% _ <5t71—£— = (43
& k=p/b S8 b b’
(M) 7o) =& lk=pibl 2- 36 pyt if Eq. (41) is satisfied this last relation is also satisfied.

Therefore, in general, whemdominates its time correlations
are practically real.

In fact, these conditions are not sufficient to ensure that
we have an effective classical dynamics because, although
they warrant that the correlatidne,(t) kp(t’)) is negligible
with respect ta 7,(t) 7,(t")) and also that this last correla-
tion function can be considered as a real one, they are not
enough to warrant thatc, 7, + 7,kp) iS simultaneously neg-
ligible.

As was already pointed out in our previous article, the
noises appear only in the form of the right hand side term of
Eq. (22), so that its decomposition in terms @fand » is not
uniguely defined. We can use this freedom to minimize the
weight of the non-commuting operator, and thus to optimize
the effective classical descriptidi]. Following the preced-
ing paper, we introduce a new patrtition for the noise term in

Thus a necessary condition for classicality is

(en(®) k()] &I
(MO 7p(0)] [&OP], 51

I—l <1, (37

wherel, andl, are given by

2 b2_4
=2 | 989,677 @8

2
b 436
ly=| — dB(52G)? (39)
i <2b) f g

and hence

L1 bbb
_zz_(_) b)) e
I, 4\b b2

From here we can state a necessary condition

b
(40

—zfdﬁ(aéG)2)>3('g)2
[dB(9gG)?)  4l\b)

b 41
<p (41)

&)
|&e()]

k=B/b

the equation of motion, according to
7p=(1+S) 7y, (44)
Fp=Kp— ST - (45)

For these new operators we have
[xb(1), 76(1) ]= (1+S)[ xp(1), 7p(1) ]=0, (46)
[xb() Kp(t) 1= [xp(t), ku(t) ], (47)

[76(1), Kp(1) 1= (14 S)[ 7p(1), kp(D) . (48)

for relation (37) to hold. Given the coarse-grained field de- In order to optimize the classical description we minimize

fined byG(8) and the character of inflation given Iby, this

the correlationgxpxy,) and(7ykp). Assuming that the cor-

relation states a condition to be satisfied by the modes in theelations are real we have
threshold sector between the unstable infrared sector and the

stable short wavelength sectorkzék) given by kj

=1/eb, so that the coarse-grained field admits a classical

description.

(Folt— )T+ 1))
ot S0 EF D) |, 5 49

To have a classical regime there is another condition to be The function that minimizes the relation between the ex-

satisfied, namely the correlation function g{t) must be
real. In general the correlation functions decrease rapidly
with (t—t"), and hence we can approximate=t+ t, and

take the leading order term usigg(t’) = &,(t) + ék(t)ét. To
increment corresponds @ variation 88

~(Bb/b)st. Up to linear contributions inst the 7 correla-

this time

tion function is

pectation values is

_ (Kprp) + L2 kp1n+ 1pKp)
(momp) + U kpmp+ 1pK1)

(50

This s(t) also minimizes the relatio@9) at first order inét.
From here we have
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(Rpkp)  (kpkp){ 7o 70) — V& kp 770+ NpKp)2 To be specific, we will define the coarse graining average

=== . by using a smooth approximant of the Heaviside function as
+ + +
(o) ((kpkp) +{70M0) + (Koot 7oK6) ) 70 70) our weight function:

(51)
Furthermore, if we compute the correlation betwégnand G, (k)= } 1—erf( bk— 1) (58)
7 With this value fors we have “ 2 '
(Kp7b) (KpKp) where @ parametrizes the family of functions. When—0

52 we haveG,(k)— 6(1—bk). In this case, from Eqs(25),

(26) and using the relations/b=H andb/b=H?2, we have
which implies that the same condition makes both of them

oy (Tt

negligible. Therefore, the condition for disregarding the con- . bHk bk D)/a?
tribution of %,,, and hence having a valid classical descrip- G=———=¢( “ (59
tion, is characterized by avmT
_ 2 2
_ (kpkp){ Mo 1p) — LK kp7p+ 7pKp) ‘«l. P bH k[l— g(bk— 1) ef[(bkfl),a]z, (60)
((Kkpxp) (M0 776) T (Ko 70T WD) ) Mo 70| 53 aym a

where bxett. Here E%l, and thus the variation dof is

Ill. EXPONENTIAL INFLATIONARY SCENARIO bounded byAt~ §8/H.
_ _ By replacing these expressions and the corresponding de-
We will now apply the preceding approach to the expo-rjyatives of the modet,(t), defined by Eq.(57), in Egs.
nential inflationary scenario. If the system is at a minimum 30)_(32), we can compute the correlation functions for the

V, of the instanton potentidf( ¢), the classical solutiop,, noises. They depend on integrals of the forin
is a constant field and the fluctuations become a quantum

o —(b2+b'2)/a?[k—(b+b")/(b?+b’?)]? —
field with a massn?=d?v/de?|, and the Hubble constant —fod,kkse ,( Vel e ¥, where b=b(t)
. cl . andb’=b(t"). Whena is small they are given by the simple
is I:tz VATVo/3M Zp. Therefore, the scale factor |a(Htt) expression |~ aal(bZ+ b D[ (b+b")/(b2+b'2) ],
=e™ and the threshold parameter is given ky=vHe™,  \here we have neglected ! exponentially decreasing
wherev= /2 —m?/H2. Thus the equation of motion for the terms, and the correlation functions acquire the form
modes is

(rp(t) Kp(t"))=42W(t,t") (61)
&t (KPe~ M= »?H?) £,=0, 54
Et( veH?) & (54 ) 1_4(bb’)2(b2—b’2)2 Wit
and its general solution can be written (D) 7p(1)) = a*(b2+b'%)% (t,
(62)
(1) K —Ht () K —Ht
E(t)=AH; ﬁe +AH;; ﬁe . (55 bb' b2—p’2
(ko) 7p(t'))=2v| 1+ —7 W)W(t,t’)
We will use the boundary conditions which correspond to the (63
Bunch-Davieq 10] vacuum, leading to
where
1 \/E k
== _H(z)(_th>. 56 4—-2v
gk( ) 2 H ¥ \H ( ) 22v—5H2v—3F(2V)bbl b+b’
W(t,t")=
This is a complex wave function. To satisfy a classical inter- an\Jp2+p'2 \b*+b’2
pretation the correlation of the noise must be real. The real
part of the wave functiort56) decreases exponentially with o - (b=b")2Ia(b2+b'2) £ st ')
t, and in this case it is responsible for the imaginary part of '
the noise correlation. In our case<&=eky, and thus wWe Therefore. fort=t’ we have
can state the condition to have a real noise correlation as '
e H'<H/(eko). This implies that after a long enough time, (kp(t) Kp(t)) 5 2
t>H"'In(H/(zky)), the wave functioré,(t) can be consid- msz =94z (64)

ered imaginary and the noise correlations real. The inflation-
ary stage lastbl;=60 number of e-folds, and thus we have aand thus it seems that only an inflaton with a mass of the
wide margin to reach real noise correlations. In this case w@rder of the Planck mass=3H, could develop a classical

can use the approximate expression for the modes: regime for the coarse grained field. However, if we work
i _ with the redefined noise partition introduced in Sec. Il, the
E(t)=— ! \ /ir (L) erHt (57) parametes(t) which optimizes the classical description is in

k 2 VaH ™\ 2H ' this approximation:
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4m2 negligible. Furthermore, this can be essential in order to de-

HZ (65  termine the existence of an effective classical regime, as it is
clear in the massless exponential inflation model considered

Hence the conditior{53) for neglecting the contribution of @bove. Without this redefinition we showed that the possibil-

%, is automatically satisfied for every value of the inflaton ity Of @ classical regime is not evident, but once this redefi-
mass becaus®=0. Therefore our necessary conditions to nition is implemented and we turn to the relevant noises the
have an effective classical regime are satisfied with a noiséituation changes completely. It become clear that at early
given by 7p=(1+22) 7. times we do not have classicality because we cannot neglect
Here we have discussed the case of an inflaton field wit§ither the non-commuting sector or the imaginary parts of

a non-null mass. The zero mass case deserves a special dfd¢ fluctuations. However, at later times, not only can we
cussion. As it is well known, in this case the mod&® lead neglect the noncommuting sector at equal times, but we can

to infrared divergences for the correlation functions of the2/SO neglect the time correlations, and thus we can consider

scalar field, but this does not affect the correlation functiondh@t @ classical regime is achieved.

of the quantum noises, because, according to B#—(32), Furthermore, this analysis sheds light on the role of the
they have kernels that contain derivatives of the weight funcShape of the wall of the coarse-grained domain. In the ex-
tion G(k), which annihilate the contributions of the long- @mple discussed above, once we assume that the weight
wave modes. In other words, the noises only live in the walldunction satisfies43), its shape does not affect the condi-

of the coarse-grained domains. Of course, the massless linffP"S to have an effective classical regime, although the am-
is not a realistic case and does not correspond to a tru|9l|tude and the spectral characteristics of the resulting clas-

inflationary process. A massless field driving inflation mustSic@l noise is sensible to this shape. The amplitude depends

have a nonlinear dynamics, and the nonlinear couplings wilP" the e parameter in such a way that it increases when
produce a feedback between the quantum fluctuations arficreases, diverging when the wall of the domain is given by
the background. In this case the fluctuations can not be cor Step function, i.e. whew becomes null. The correlation
sidered small perturbations to the classical field, which com{unction (62) states that in general the noise is colored, and
plicates the analysis in a highly non-trivial way. In general,nOt white as generally assumed. Usually the definition of the

our approach can be applied to a wide range of cases, prg_oarse-grained field is considered as a mere mathematical
vided that infrared divergencies do not appkt]. artifact, but here we see that relevant physical features of the

model depend on it. This opens a very interesting question
regarding the possible physical origin of the structure of the
domain characterizing the effective field.

This work revises and generalizes our previous semiclas- Defining a classical behavior for an effective degree of
sical approach to inflation, by considering a coarse-grainefreedom as we do in this work is significant, but this discus-
field with a smooth “wall” in momentum space. One of the sion does not exhaust the problem. The relevance of an ef-
most interesting advantages of this approach is that it allowfective degree of freedom is not only dictated by its classical
us to study classicality conditions considering the wholeor quantum behavior, but also by the correlations with the
guantum noise sector for the coarse-grained field, whereagservables that we are able to measure. In such a sense, our
this is not possible for a sharp cutoff because of the highlyanalysis complements other approaches, such as theories for
singular structure it produces for the quantum noise correlacosmological perturbations where not only the matter fields
tions. We divide this sector in two: a noise that commutes abut also the metric are quantizgt3], and theories where the
equal times with the coarse-grained field and the remaininglassical world appears through the decoherence of relevant
non-commuting noises. The classicality conditions discussedegrees of freedom under the influence of noise from a non-
here arise from two considerations. One involves the relatiombserved sectdi4,11,15. These last approaches are mainly
between the different quantum noises, and the requirement®sed on the path integral techniques and Feynman-Vernon
for the noncommuting sector to be negligible. The other isnfluence functionals, in which irrelevant degrees of freedom
related to the imaginary part of the correlation function ofare integrated out. In the case we consider, the relevant de-
the quantum noise commuting with the coarse-grained fieldgree of freedom involves an infinite number of modes, with
which is proportional to the commutator of this quantumtime dependent weights. Work is under way dealing with the
noise at different times. When the different-time commutatottreatment of these effective degrees of freedom from the path
can be considered null the noise and its velocity commuteintegral point of view{16].
and thus the noise and its associated momentum can be con-
sidergd as c-numbers, which may be viewed as a signal of ACKNOWLEDGMENTS
classicality.

The redefinition of the noises allows us to obtain a more This research has been partially supported by CONICET,
reliable condition for the non-commuting fluctuations to beArgentina.

s(t)=2v=1\/9—

IV. FINAL REMARKS
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